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Abstract
Szeged, PI and Mostar indices are some of the most investigated distance-based molecular
descriptors. Recently, many different variations of these topological indices appeared in
the literature and sometimes they are all together called Szeged-like topological indices.
In this paper, we formally introduce the concept of a general Szeged-like topological index,
which includes all mentioned indices and also infinitely many other topological indices that
can be defined in a similar way. As the main result of the paper, we provide a cut method
for computing a general Szeged-like topological index for any strength-weighted graph.
This greatly generalizes various methods known for some of the mentioned indices and
therefore rounds off such investigations. Moreover, we provide applications of our main
result to benzenoid systems, phenylenes, and coronoid systems, which are well-known
families of molecular graphs. In particular, closed-form formulas for some subfamilies of
these graphs are deduced.
1
1 Introduction
In mathematical chemistry and in chemoinformatics, many numerical quantities of molec-
ular graphs have been introduced and studied in order to describe various properties of
molecules. Such graph invariants are most commonly referred to as molecular descrip-
tors. They are used for the development of quantitative structure-activity relationships
(QSAR) and quantitative structure-property relationships (QSPR) in which some proper-
ties of compounds are correlated with their chemical structure. However, in recent years
similar descriptors have found enormous applications also in a rapidly growing research of
complex networks [15], for example communications networks, social networks, biological
networks, etc. Whenever a graph invariant is used for describing molecular structure or
network topology, we usually call it a topological index or topological descriptor.
One of the oldest topological indices is the famous Wiener index, which is defined for
a connected graph G as
W (G) =
∑
{u,v}⊆V (G)
dG(u, v),
where dG(u, v) represents the distance between vertices u and v in G. It was introduced
by H. Wiener in 1947 [41] in order to calculate the boiling points of paraffins. Until now,
it has found various applications in chemistry and in network theory.
It is easy to see that if T is a tree, then
W (T ) =
∑
e=uv∈E(T )
nu(e)nv(e),
where nu(e) denotes the number of vertices of T whose distance to u is smaller than the
distance to v and nv(e) denotes the number of vertices of T whose distance to v is smaller
than the distance to u. Therefore, I. Gutman [17] used this formula to introduce the
Szeged index, which is for any connected graph G defined as
Sz(G) =
∑
e=uv∈E(G)
nu(e)nv(e).
Motivated by the success of the Szeged index, in [25] a similar molecular descriptor, that
is called the PI index (or the edge-PI index ), was defined with
PI(G) = PIe(G) =
∑
e=uv∈E(G)
(
mu(e) +mv(e)
)
,
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where the numbers mu(e) andmv(e) are the edge-variants of the numbers nu(e) and nv(e).
It turned out that the Szeged index and the PI index also have many applications, for
example in drug modelling [26] and in networks [35].
Later, the vertex version of the PI index, called the vertex-PI index [27], and the
edge-version of the Szeged index, the edge-Szeged index [18], were defined as
PIv(G) =
∑
e=uv∈E(G)
(
nu(e) + nv(e)
)
, Sze(G) =
∑
e=uv∈E(G)
mu(e)mv(e).
Furthermore, in 2002 Randic´ introduced [36] the revised Szeged index,
Sz∗(G) =
∑
e=uv∈E(G)
(
nu(e) +
n0(e)
2
)(
nv(e) +
n0(e)
2
)
,
where n0(e) is the number of vertices of the same distance from both u and v for e = uv ∈
E(G). It turned out that the revised Szeged index has even better correlations with boiling
points of cyclo-alkanes and that it can be used for measuring network bipartivity [35].
Finally, the Mostar index was recently introduced [14] as a measure of peripherality and
it is defined as
Mo(G) =
∑
e=uv∈E(G)
|nu(e)− nv(e)|.
In addition, Ilic´ and Milosavljevic´ [24] proposed modifications of the Szeged index
and the vertex-PI index, taking into account also the degrees of vertices. Therefore, they
introduced the weighted Szeged index and the weighted vertex-PI index, which are defined
as
wSz(G) =
∑
e=uv∈E(G)
(
deg(u) + deg(v)
)
nu(e)nv(e),
wPIv(G) =
∑
e=uv∈E(G)
(
deg(u) + deg(v)
)(
nu(e) + nv(e)
)
.
Note that all the mentioned indices are often referred to as Szeged-like topological
indices. These quantities are some of the central and most commonly studied distance-
based topological descriptors. For example, see recent research on Szeged indices [1, 8,
21, 28], Mostar indices [13, 22, 23, 37], PI indices [34], and other versions of these indices
[16, 32, 33].
A cut method has an important role in the investigation of molecular descriptors. Very
often it was applied to benzenoid systems to efficiently compute distance-based topological
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indices, for example the Wiener index and the Szeged index [11] or the edge-Szeged index
and the PI index [40]. Later, a cut method was generalized such that it can be used on
partial cubes or on any connected graph by using Θ relation [29,31]. When applying this
method, we usually calculate a topological index by using weighted quotient graphs. A
survey on different cut methods can be found in [30].
As already mentioned, a cut method was applied on various Szeged-like topological
indices. For example, see recent papers on Szeged indices [31], weighted Szeged and PI
indices [39], Mostar indices and weighted Mostar indices [4, 5, 38], and different distance-
based topological indices [3, 6, 7]. In this paper, we greatly generalize these results by
introducing the concept of a general Szeged-like topological index, which includes all
the mentioned indices and also infinitely many other topological indices that can be
defined in a similar way. We provide a cut method for computing a general Szeged-like
topological index for any strength-weighted graph, which rounds off such investigations.
Our method can be applied to efficiently calculate Szeged-like topological indices of various
nanostructures and to deduce closed-form formulas for infinite families of graphs.
In Section 2 we introduce some basic definitions and concepts from graph theory.
The concept of a strength-weighted graph and a general Szeged-like topological index is
explained in the next section. We continue with the main result in Section 4, where a
general cut method for computing a Szeged-like topological index of a strength-weighted
graph is provided. Finally, in Section 5, applications of our cut method to well-known
families of molecular graphs are shown. In particular, we consider benzenoid systems,
phenylenes, and coronoid systems.
2 Preliminaries
The reader can find the explanation of all the basic concepts from graph theory in [20].
The graphs considered in this paper are simple and finite. For a graph G, the set of all the
vertices is denoted by V (G) and the set of edges by E(G). Moreover, we define dG(u, v)
to be the usual shortest-path distance between vertices u, v ∈ V (G). Furthermore, the
distance between a vertex u ∈ V (G) and an edge f = xy ∈ E(G) is defined as
dG(u, f) = min{dG(u, x), dG(u, y)}.
For any u ∈ V (G), the open neighbourhood N(u) is defined as the set of all the vertices
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that are adjacent to u. The degree of u, denoted by deg(u), is defined as the cardinality
of the set N(u).
Two edges e1 = u1v1 and e2 = u2v2 of a connected graph G are in relation Θ, e1Θe2, if
d(u1, u2) + d(v1, v2) 6= d(u1, v2) + d(u2, v1).
Note that this relation is also known as Djokovic´-Winkler relation. The relation Θ is
reflexive and symmetric, but not necessarily transitive. We denote its transitive closure
(i.e. the smallest transitive relation containing Θ) by Θ∗. The following easy observations
will be useful:
• any two diametrically opposite edges in an even cycle are in relation Θ,
• any two edges in an odd cycle are in relation Θ∗.
An important family of graphs, which is closely related to relation Θ and include many
chemical graphs, are so-called partial cubes. Note that a connected graph is a partial
cube if and only if it is bipartite and Θ = Θ∗. For the definition of a partial cube and
other information on these graphs see [20].
Let F = {F1, . . . , Fr} be the Θ
∗-partition of the set E(G). Then we say that a partition
E = {E1, . . . , Ek} of E(G) is coarser than F if each set Ei is the union of one or more
Θ∗-classes of G. In such a case, E is also called a c-partition of the set E(G).
Suppose G is a graph and F ⊆ E(G). The quotient graph G/F is a graph whose vertices
are connected components of the graph G \ F , such that two components X and Y are
adjacent in G/F if some vertex in X is adjacent to a vertex of Y in G. Note that G \ F
denotes the graph obtained from G by removing all the edges in F . Moreover, if E = XY
is an edge in G/F , then we denote by Ê the set of edges of G that have one end vertex
in X and the other end vertex in Y , i.e. Ê = {xy ∈ E(G) | x ∈ V (X), y ∈ V (Y )}.
Let G be a connected graph, {E1, . . . , Ek} a c-partition of the set E(G), and G/Ei,
i ∈ {1, . . . , k}, the corresponding quotient graph. We define the function ℓi : V (G) →
V (G/Ei) as follows: for any u ∈ V (G), let ℓi(u) be the connected component U of the
graph G \ Ei such that u ∈ V (U).
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3 General Szeged-like topological index of a strength-
weighted graph
The concept of a strength-weighted graph was firstly introduced in [2] as a triple Gsw =
(G, SWV , SWE) where G is a simple graph and SWV , SWE are pairs of weighted functions
defined on V (G) and E(G), respectively:
• SWV = (wv, sv), where wv, sv : V (Gsw)→ R
+
0 ,
• SWE = (we, se), where we, se : E(Gsw)→ R
+
0 .
For an edge e = uv ∈ E(G) of a connected graph G, we define the following sets:
Nu(e|G) = {x ∈ V (G) | dG(u, x) < dG(v, x)},
Nv(e|G) = {x ∈ V (G) | dG(v, x) < dG(u, x)},
N0(e|G) = {x ∈ V (G) | dG(u, x) = dG(v, x)},
Mu(e|G) = {f ∈ E(G) | dG(u, f) < dG(v, f)},
Mv(e|G) = {f ∈ E(G) | dG(v, f) < dG(u, f)},
M0(e|G) = {f ∈ E(G) | dG(u, f) = dG(v, f)}.
Finally, for an edge e = uv ∈ E(Gsw) of a connected strength-weighted graph Gsw, we
define the following quantities:
nu(e|Gsw) =
∑
x∈Nu(e|Gsw)
wv(x),
mu(e|Gsw) =
∑
x∈Nu(e|Gsw)
sv(x) +
∑
f∈Mu(e|Gsw)
se(f),
n0(e|Gsw) =
∑
x∈N0(e|Gsw)
wv(x),
m0(e|Gsw) =
∑
x∈N0(e|Gsw)
sv(x) +
∑
f∈M0(e|Gsw)
se(f).
Moreover, the values nv(e|Gsw) and mv(e|Gsw) are defined analogously.
To formally introduce a general Szeged-like topological index, the concept of a regular
function of six variables is firstly needed.
Let X ⊆ R6 and let F : X → R be a function of six variables such that
F (x1, x2, x3, x4, x5, x6) = F (x2, x1, x3, x4, x5, x6),
F (x1, x2, x3, x4, x5, x6) = F (x1, x2, x4, x3, x5, x6)
for all (x1, x2, x3, x4, x5, x6) ∈ X . With other words, F is symmetric in the first two
coordinates and in the next two coordinates. Moreover, for any edge e = uv of a connected
strength-weighted graph Gsw we introduce the following notation:
F (e|Gsw) = F
(
nu(e|Gsw), nv(e|Gsw), mu(e|Gsw), mv(e|Gsw), n0(e|Gsw), m0(e|Gsw)
)
.
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We always assume that the number F (e|Gsw) is well defined for any edge e ∈ E(G). A
function F satisfying the mentioned requirements will be called a regular function for a
graph Gsw. We remark that F should be symmetric because any edge e = uv ∈ E(Gsw)
can be also written as e = vu.
Now everything is prepared to define the general Szeged-like topological index.
Definition 3.1 If F is a regular function for a strength-weighted connected graph Gsw,
then the Szeged-like topological index of Gsw, denoted by TIF (Gsw), is defined as
TIF (Gsw) =
∑
e∈E(G)
we(e)F (e|Gsw).
Obviously, many well-known distance-based topological indices are just special cases
of the general Szeged-like topological index. To show this, let G be a connected graph. We
obtain the strength-weighted graph Gsw in the following way: we set wv ≡ 1, se ≡ 1, and
sv ≡ 0. Moreover, weight we(e), where e = uv ∈ E(G), function F , and the corresponding
topological index are shown in Table 1.
Based on the above discussion and Table 1, we say that a strength-weighted graph
Gsw is normally strength-weighted, if wv ≡ 1, se ≡ 1, sv ≡ 0, and for we we have one of
the following options:
(i) we(e) ≡ 1,
(ii) we(e) = deg(u) + deg(v) for any e = uv (in this case, we often use w
+
e (e)),
(iii) we(e) = deg(u) deg(v) for any e = uv (in this case, we often use w
∗
e(e)).
However, our general definition of the Szeged-like topological index includes also in-
finitely many other topological indices, which are more complicated and are not presented
in Table 1. To show this, we will, as an example, consider the weighted-plus revised edge-
Szeged index,
w+Sz∗e(G) =
∑
e=uv∈E(G)
(deg(u) + deg(v))
(
mu +
m0
2
)(
mv +
m0
2
)
,
and the square vertex-PI index,
PIsv(G) =
∑
e=uv∈E(G)
(
n2u + n
2
v
)
.
Obviously, for the first index we assume that F = (x3 + x6/2)(x4 + x6/2) and we(uv) =
deg(u) + deg(v), while for the second index we have F = x21 + x
2
2 and we ≡ 1.
In the rest of the section, we show that the Szeged-like topological index of a tree can
be computed in linear time. Let F be a regular function for a graph Gsw. In the next
lemma and in all other computational results of this paper, we always assume that for
every edge e ∈ E(Gsw), the number F (e|Gsw) can be evaluated in constant time O(1). To
emphasis that we work in such a model, any function F satisfying this condition will be
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topological index regular function F we(uv)
Szeged index (Sz) x1x2 1
edge-Szeged index (Sze) x3x4 1
revised Szeged index (Sz∗) (x1 + x5/2)(x2 + x5/2) 1
revised edge-Szeged index (Sz∗e) (x3 + x6/2)(x4 + x6/2) 1
vertex-edge Szeged index (Szve) x1x4 + x2x3 1
total Szeged index (Szt) (x1 + x3)(x2 + x4) 1
weighted-plus Szeged index (w+Sz) x1x2 deg(u) + deg(v)
weighted-product Szeged index (w∗Sz) x1x2 deg(u) deg(v)
weighted-plus edge-Sz. index (w+Sze) x3x4 deg(u) + deg(v)
weighted-prod. edge-Sz. index (w∗Sze) x3x4 deg(u) deg(v)
weighted-plus total-Sz. index (w+Szt) (x1 + x3)(x2 + x4) deg(u) + deg(v)
weighted-prod. total-Sz. index (w∗Szt) (x1 + x3)(x2 + x4) deg(u) deg(v)
(edge-)PI index (PI) x3 + x4 1
vertex-PI index (PIv) x1 + x2 1
total PI index (PIt) x1 + x2 + x3 + x4 1
weighted-plus PI index (w+PI) x3 + x4 deg(u) + deg(v)
weighted-product PI index (w∗PI) x3 + x4 deg(u) deg(v)
weighted-plus vertex-PI index (w+PIv) x1 + x2 deg(u) + deg(v)
weighted-prod. vertex-PI index (w∗PIv) x1 + x2 deg(u) deg(v)
Mostar index (Mo) |x1 − x2| 1
edge-Mostar index (Moe) |x3 − x4| 1
total Mostar index (Mot) |x1 + x3 − x2 − x4| 1
weighted-plus Mostar index (w+Mo) |x1 − x2| deg(u) + deg(v)
weighted-product Mostar index (w∗Mo) |x1 − x2| deg(u) deg(v)
weighted-plus edge-Mo. index (w+Moe) |x3 − x4| deg(u) + deg(v)
weighted-prod. edge-Mo. index (w∗Moe) |x3 − x4| deg(u) deg(v)
weighted-plus total-Mo. index (w+Mot) |x1 + x3 − x2 − x4| deg(u) + deg(v)
weighted-prod. total-Mo. index (w∗Mot) |x1 + x3 − x2 − x4| deg(u) deg(v)
Table 1. Topological indices, corresponding functions, and weights we.
called a normal function for graph Gsw. The mentioned assumption is usually made if F
can be expressed by a fixed number of basic arithmetic and logic operations (for example
all functions from Table 1).
Lemma 3.2 Let Tsw be a strength-weighted tree with n vertices. If F is a normal function
for Tsw, then the index TIF (Tsw) can be computed in O(n) time.
Proof. Since F is a normal function, the proof can be done in a similar way as in Lemma
4.1 from [40]. The only difference is that we should consider four weights instead of just
two. 
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4 A general cut method
In this section, we prove a method for computing any Szeged-like topological index of a
connected strength-weighted graph from the corresponding quotient graphs. In this way,
we greatly generalize many previous results.
Let Gsw be a connected strength-weighted graph and {E1, . . . , Ek} be a c-partition
of E(G). Moreover, for i ∈ {1, . . . , k} let Gsw/Ei = (G/Ei, SW
i
v, SW
i
e) be the strength-
weighted quotient graph, where the weights wiv, s
i
v, w
i
e, and s
i
e are defined as follows [2,5]:
• wiv : V (Gsw/Ei)→ R
+
0 , w
i
v(X) =
∑
x∈V (X)
wv(x), ∀ X ∈ V (Gsw/Ei),
• siv : V (Gsw/Ei)→ R
+
0 , s
i
v(X) =
∑
f∈E(X)
se(f) +
∑
x∈V (X)
sv(x), ∀ X ∈ V (Gsw/Ei),
• wie : E(Gsw/Ei)→ R
+
0 , w
i
e(E) =
∑
e∈Ê
we(e), ∀ E ∈ E(Gsw/Ei),
• sie : E(Gsw/Ei)→ R
+
0 , s
i
e(E) =
∑
e∈Ê
se(e), ∀ E ∈ E(Gsw/Ei).
Moreover, it is easy to see that if Gsw is a normally strength-weighted graph, then the
following holds:
• wiv(X) is the number of vertices in a connected component X of Gsw \ Ei,
• siv(X) is the number of edges in a connected component X of Gsw \ Ei,
• sie(E) =
∣∣∣Ê∣∣∣ for E ∈ E(Gsw/Ei). In other words, if E = XY , then sie(E) is the
number of edges between connected components X and Y of Gsw \ Ei.
• for wie(E), where E ∈ E(Gsw/Ei), we have one of the following cases:
(i) if we ≡ 1, then w
i
e(E) = s
i
e(E),
(ii) if we = w
+
e , then w
i
e(E) =
∑
e=uv∈Ê (deg(u) + deg(v)),
(iii) if we = w
∗
e , then w
i
e(E) =
∑
e=uv∈Ê deg(u) deg(v).
Throughout the paper, the quotient graph Gsw/Ei will be shortly denoted as Gi for
any i ∈ {1, . . . , k}. Firstly, we need two lemmas.
Lemma 4.1 [38, 39] Let G be a connected graph. If e = uv ∈ Ei, where i ∈ {1, . . . , k},
then U = ℓi(u) and V = ℓi(v) are adjacent vertices in Gi, i.e. E = UV ∈ E(Gi).
Moreover,
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Nu(e|G) =
⋃
X∈NU (E|Gi)
V (X),
Nv(e|G) =
⋃
X∈NV (E|Gi)
V (X),
Mu(e|G) =
 ⋃
X∈NU (E|Gi)
E(X)
⋃ ⋃
F∈MU (E|Gi)
F̂
 ,
Mv(e|G) =
 ⋃
X∈NV (E|Gi)
E(X)
⋃ ⋃
F∈MV (E|Gi)
F̂
 .
Lemma 4.2 [4] Let Gsw be a connected strength-weighted graph. If e = uv ∈ Ei, where
i ∈ {1, . . . , k}, U = ℓi(u), V = ℓi(v), and E = UV ∈ E(Gi), then
(i) nu(e|Gsw) = nU (E|Gi) & nv(e|Gsw) = nV (E|Gi),
(ii) mu(e|Gsw) = mU (E|Gi) & mv(e|Gsw) = mV (E|Gi).
The following lemma will be also useful.
Lemma 4.3 Let Gsw be a connected strength-weighted graph. If e = uv ∈ Ei, where
i ∈ {1, . . . , k}, U = ℓi(u), V = ℓi(v), and E = UV ∈ E(Gi), then
n0(e|Gsw) = n0(E|Gi) & m0(e|Gsw) = m0(E|Gi).
Proof. By Lemma 4.1 we have
Nu(e|G) =
 ⋃
X∈NU (E|Gi)
V (X)
 and Nv(e|G) =
 ⋃
X∈NV (E|Gi)
V (X)
 .
Obviously, the set {Nu(e|G), Nv(e|G), N0(e|G)} is a partition of the set V (G). Moreover,
the set {NU(E|Gi), NV (E|Gi), N0(E|Gi)} is a partition of the set V (Gi). Therefore, by
the above formulas it follows
N0(e|G) =
 ⋃
X∈N0(E|Gi)
V (X)
 . (1)
Hence, by Equation (1) we can calculate
n0(e|G) =
∑
x∈N0(e|Gsw)
wv(x)
=
∑
X∈N0(E|Gi)
 ∑
x∈V (X)
wv(x)

=
∑
X∈N0(E|Gi)
wiv(X)
= n0(E|Gi).
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Similarly, by Lemma 4.1 it holds
Mu(e|G) =
 ⋃
X∈NU (E|Gi)
E(X)
⋃ ⋃
F∈MU (E|Gi)
F̂
 ,
Mv(e|G) =
 ⋃
X∈NV (E|Gi)
E(X)
⋃ ⋃
F∈MV (E|Gi)
F̂
 .
Obviously, the set {Mu(e|G),Mv(e|G),M0(e|G)} is a partition of the set E(G). More-
over, the sets {NU(E|Gi), NV (E|Gi), N0(E|Gi)} and {MU (E|Gi),MV (E|Gi),M0(E|Gi)}
are partitions of the sets V (Gi) and E(Gi), respectively. Therefore, by the above formulas
it follows
M0(e|G) =
 ⋃
X∈N0(E|Gi)
E(X)
⋃ ⋃
F∈M0(E|Gi)
F̂
 . (2)
Hence, by Equations (1) and (2) we can calculate
m0(e|Gsw) =
∑
x∈N0(e|Gsw)
sv(x) +
∑
f∈M0(e|Gsw)
se(f)
=
∑
X∈N0(E|Gi)
 ∑
x∈V (X)
sv(x)

+
∑
X∈N0(E|Gi)
 ∑
f∈E(X)
se(f)
+ ∑
F∈M0(E|Gi)
∑
f∈F̂
se(f)

=
∑
X∈N0(E|Gi)
 ∑
x∈V (X)
sv(x) +
∑
f∈E(X)
se(f)

+
∑
F∈M0(E|Gi)
∑
f∈F̂
se(f)

=
∑
X∈N0(E|Gi)
siv(X) +
∑
F∈M0(E|Gi)
sie(F )
= m0(E|Gi),
which completes the proof. 
Based on the obtained results, the next lemma follows easily.
Lemma 4.4 Let Gsw be a connected strength-weighted graph and F a regular function for
Gsw. If e = uv ∈ Ei, where i ∈ {1, . . . , k}, U = ℓi(u), V = ℓi(v), and E = UV ∈ E(Gi),
then
F (e|Gsw) = F (E|Gi).
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Proof. The proof follows by Lemma 4.2 and Lemma 4.3. 
The main theorem of this paper can now be stated.
Theorem 4.5 Let Gsw be a connected strength-weighted graph. If {E1, . . . , Ek} is a c-
partition of E(Gsw) and F a regular function for Gsw, then
TIF (Gsw) =
k∑
i=1
TIF (Gi).
Proof. Obviously, E(G) =
k⋃
i=1
Ei and for any i ∈ {1, . . . , k} it holds
Ei =
⋃
E∈E(Gi)
Ê.
Then, by Lemma 4.4 we get
TI(Gsw) =
∑
e∈E(Gsw)
we(e)F (e|Gsw)
=
k∑
i=1
(∑
e∈Ei
we(e)F (e|Gsw)
)
=
k∑
i=1
( ∑
E∈E(Gi)
[∑
e∈Ê
we(e)F (e|Gsw)
])
=
k∑
i=1
( ∑
E∈E(Gi)
[∑
e∈Ê
we(e)F (E|Gi)
])
=
k∑
i=1
( ∑
E∈E(Gi)
[∑
e∈Ê
we(e)
]
F (E|Gi)
)
=
k∑
i=1
( ∑
E∈E(Gi)
wie(E)F (E|Gi)
)
=
k∑
i=1
TIF (Gi).
Therefore, the proof is complete. 
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5 Applications to molecular graphs
We apply our main result to some important families of molecular graphs. In particular,
benzenoid systems, phenylenes, and coronoid systems are considered.
5.1 Benzenoid systems
In this subsection, we show how Theorem 4.5 can be applied to benzenoid systems. These
chemical graphs represent benzenoid hydrocarbons, which are composed exclusively of
six-membered rings. For more information, see [19]. It is well known that benzenoid
systems are partial cubes [20].
Let H be the infinite hexagonal (graphite) lattice and let Z be a cycle on it. A benzenoid
system is the graph induced by all the vertices and edges ofH, lying on Z or in its interior.
In addition, by |Z| we denote the number of vertices in Z. For an example of a benzenoid
system, see Figure 1.
Figure 1. Benzenoid system G.
It turns out that any Θ-class of a benzenoid system has a nice geometric representation,
since it coincides with exactly one of its elementary cuts (see [20]). An elementary cut of
a benzenoid system G is a line segment that starts at the center of a peripheral edge of a
benzenoid system, goes orthogonal to it and ends at the first next peripheral edge of G.
The edge set of a benzenoid system G can be naturally partitioned into sets E1, E2, and
E3 of edges of the same direction. Obviously, the partition {E1, E2, E3} is a c-partition of
the set E(G). If Gsw is a strength-weighted benzenoid system, then for i ∈ {1, 2, 3}, the
strength-weighted quotient graph Gi = G/Ei will be denoted as Ti. It is well known that
T1, T2, and T3 are trees [10]. Such quotient trees were previously used to calculate various
distance-based topological indices of benzenoid systems, for example see [11, 39, 40].
Let G be a benzenoid system from Figure 1. Moreover, let Gsw be a normally strength-
weighted benzenoid system obtained from G such that we(e) = deg(u) + deg(v) for any
e ∈ E(Gsw). Then, let E1 be the set of all the vertical edges of G. Therefore, the
edges from E1 correspond to horizontal elementary cuts of Gsw, see Figure 2 a). The
corresponding strength-weighted quotient tree is shown in Figure 2 b). Similarly, we
obtain also the other two quotient trees, see Figure 3.
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Figure 2. a) Elementary cuts in E1 and b) the corresponding strength-weighted
quotient tree T1.
Figure 3. Elementary cuts in a given direction and the corresponding strength-
weighted quotient trees.
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The following proposition follows directly from Theorem 4.5.
Proposition 5.1 Let Gsw be a strength-weighted benzenoid system. If F is a regular
function for Gsw and T1, T2, T3 are the corresponding strength-weighted quotient trees,
then
TIF (Gsw) = TIF (T1) + TIF (T2) + TIF (T3).
To finish the previous example, we compute the weighted-plus revised edge-Szeged
index and the square vertex-PI index of graph G from Figure 1 by using Proposition 5.1.
Firstly, we calculate the corresponding indices of strength-weighted quotient trees shown
in Figure 2 and Figure 3. For the weighted-plus revised edge-Szeged index we obtain
w+Sz∗e(T1) = 21657.5,
w+Sz∗e(T2) = 24234.5,
w+Sz∗e(T3) = 21879,
w+Sz∗e(G) = w
+Sz∗e(T1) + w
+Sz∗e(T2) + w
+Sz∗e(T3) = 67771.
Note that for the square vertex-PI index, we should have we(e) = 1 for any e ∈ E(Gsw).
Therefore, we(e) = se(e) for e ∈ E(Gsw) and w
i
e = s
i
e for i ∈ {1, 2, 3}. As a consequence,
we get
PIsv(T1) = 13762,
P Isv(T2) = 11754,
P Isv(T3) = 13518,
P Isv(G) = PI
s
v(T1) + PI
s
v(T2) + PI
s
v(T3) = 39034.
It can be shown that by Proposition 5.1, a general Szeged-like topological index of a
benzenoid system can we computed in linear time. Analogous results are already known
for some topological indices [11, 40].
Proposition 5.2 Let Gsw be a strength-weighted benzenoid system with n vertices. If F
is a normal function for Gsw, then the index TIF (Gsw) can be computed in O(n) time.
Proof. It is already known that quotient trees Ti, i ∈ {1, 2, 3}, can be computed in
linear time, see [10]. The calculation of the corresponding weights is also straightforward.
By Lemma 3.2, the index TIF (Ti) can be computed in linear time for any i ∈ {1, 2, 3}.
The result now follows by Proposition 5.1. 
However, for normally strength-weighted benzenoid systems the calculation can be
done even faster, in sublinear time. To show this, we follow the idea of paper [12], where
analogous result was proved for the Wiener index. The next lemma will be needed.
Lemma 5.3 If Gsw is a normally strength-weighted benzenoid system and Z its boundary
cycle, then each strength-weighted quotient tree Ti, i ∈ {1, 2, 3}, can be obtained in O(|Z|)
time.
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Proof. The proof uses a special construction of strength-weighted quotient trees and
it is similar to the proof of Lemma 4.3 in [39]. It relies on Chazelle’s algorithm [9] for
computing all vertex-edge visible pairs of edges of a simple (finite) polygon in linear time.
Hence, the details are omitted. 
We can now state the final result of this section.
Theorem 5.4 Let Gsw be a normally strength-weighted benzenoid system and Z its bound-
ary cycle. If F is a normal function for Gsw, then the index TIF (Gsw) can be computed
in O(|Z|) time.
Proof. By Lemma 5.3 it follows that the strength-weighted trees Ti, i ∈ {1, 2, 3}, can
be computed in O(|Z|) time. Furthermore, by Lemma 3.2 the index TIF (Ti) of each tree
can be computed in linear time with respect to |Z|. Finally, TIF (Gsw) can be computed
in O(|Z|) time by Proposition 5.1. 
5.2 Phenylenes
Phenylenes are polycyclic conjugated molecules composed of hexagonal and quadrilateral
cycles. Molecular descriptors for these molecules were investigated in many papers, see
[39,42] as an example. In this subsection, we describe an efficient method for calculating
Szeged-like topological indices of phenylenes. We also show that our method can be used
to easily obtain closed-form formulas for such indices.
Next, we formally define a phenylene in the language of graph theory. A benzenoid
system is said to be catacondensed if all its vertices belong to the outer face. Moreover,
two distinct hexagons of a benzenoid system are called adjacent if they have exactly one
edge in common. Let G′ be a catacondensed benzenoid system. If we add squares between
all pairs of adjacent hexagons of G′, the obtained graph G is called a phenylene. We then
say that G′ is the hexagonal squeeze of G.
In the following, we define four quotient trees of a phenylene [42]. Let G be a phenylene
and G′ the hexagonal squeeze of G. The edge set of G′ can be naturally partitioned
into sets E ′1, E
′
2, and E
′
3 of edges of the same direction. Denote the sets of edges of G
corresponding to the edges in E ′1, E
′
2, and E
′
3 by E1, E2, and E3, respectively. Moreover,
let E4 = E(G) \ (E1 ∪ E2 ∪ E3) be the set of all the edges of G that do not belong to
G′. Again we can easily see that phenylenes are partial cubes and that the partition
{E1, E2, E3, E4} is a c-partition of the edge set E(G). For i ∈ {1, 2, 3, 4}, set Ti = G/Fi.
As in the previous section, we can see that T1, T2, T3, and T4 are trees. In a similar way
we can define the quotient trees T ′1, T
′
2, T
′
3 of the hexagonal squeeze G
′. Then the tree T ′i
is isomorphic to Ti for i = 1, 2, 3 and T4 is isomorphic to the inner dual of G
′ (see [42] for
the definition of the inner dual). Finally, if Gsw is a strength-weighted phenylene, then
the corresponding strength-weighted trees will be also denoted by Ti for i ∈ {1, 2, 3, 4}.
The following proposition follows by Theorem 4.5.
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Proposition 5.5 Let Gsw be a strength-weighted phenylene. If F is a regular function
for Gsw and T1, T2, T3, T4 are the corresponding strength-weighted quotient trees, then
TIF (Gsw) = TIF (T1) + TIF (T2) + TIF (T3) + TIF (T4).
As an example, we consider an infinite family of phenylenes which will be denoted
by Phn, n ≥ 1 (see Figure 4). In the following, we deduce closed-form formulas for
the weighted-plus revised edge-Szeged index and the square vertex-PI index of Phn. For
this purpose, we assume that the phenylenes are normally strength-weighted such that
we = w
+
e . The corresponding strength-weighted quotient trees are depicted in Figure 5.
However, as in the previous subsection, for any i ∈ {1, 2, 3, 4} we use the weights sie of Ti
instead of wie in the computation of the square vertex-PI index.
Firstly, the weighted-plus revised edge-Szeged index of the quotient trees is calculated:
Figure 4. The first three representatives of a family of phenylenes Phn.
w+Sz∗e(T1) = 2 · 9 ·
(
0 + 2 +
2
2
)(
6n+ (18n+ 2) +
2
2
)
+ 2 ·
n∑
i=2
(
10
(
(2i− 2) + (6i− 4) +
2
2
)
·
(
(6n− 2i+ 2) + (18n− 6i+ 8) +
2
2
))
+ (12n+ 10)
(
2n+ (9n+ 2) +
2n+ 2
2
)(
2n+ (9n+ 2) +
2n+ 2
2
)
=
1
3
(
9664n3 + 7392n2 + 1952n+ 216
)
,
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Figure 5. Quotient trees T1 = T2 = T3 and T4 of phenylene Phn.
w+Sz∗e(T4) = 3 ·
n∑
i=1
12
(
(2i− 2) + 6i+
2
2
)(
(6n− 2i) + (18n− 6i+ 6) +
2
2
)
= 2688n3 + 2592n2 + 516n.
Therefore, by Proposition 5.5 we get
w+Sz∗e(Phn) = 3 · w
+Sz∗e(T1) + w
+Sz∗e(T4)
= 12352n3 + 9984n2 + 2468n+ 216.
Next, one can compute the square vertex-PI index of strength-weighted quotient trees:
PIsv(T1) = 2 ·
n∑
i=1
2
(
(6i− 3)2 + (18n− 6i+ 9)2
)
+ (2n+ 2)
(
(9n+ 3)2 + (9n+ 3)2
)
= 1284n3 + 1260n2 + 372n+ 36,
P Isv(T4) = 3 ·
n∑
i=1
2
(
(6i)2 + (18n− 6i+ 6)2
)
= 1440n3 + 648n2 + 72n.
Again, by Proposition 5.5 we obtain
PIsv(Phn) = 3 · PI
s
v(T1) + PI
s
v(T4)
= 5292n3 + 4428n2 + 1188n+ 108.
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Similarly as in the previous section, by Proposition 5.5 we obtain the following com-
putational result.
Proposition 5.6 Let Gsw be a strength-weighted phenylene with n vertices. If F is a
normal function for Gsw, then the index TIF (Gsw) can be computed in O(n) time.
5.3 Coronoid systems
Coronoid hydrocarbons are, like benzenoid hydrocarbons, polycyclic molecules composed
of hexagonal rings [19]. Their mathematical models, known as coronoid systems, are
often regarded as benzenoid systems that are allowed to have holes. Formally, we take
two cycles, C and C ′, in the hexagonal lattice where C ′ is completely embraced by C and
the size of C ′ is greater than 6. A coronoid system consists of the vertices and edges on
C and C ′, and also of the vertices and edges that lie outside C ′ but in the interior of C.
The vertices and edges on C ′ and its interior are sometimes referred to as the corona hole.
For more information see Chapter 8 in [19].
In this subsection, we consider a family of coronoid systems with a fixed corona hole.
In particular, Con, n ≥ 1, denotes the coronoid system with n layers of hexagons around
the hole, see Figure 6. Again, our goal is to deduce closed-form formulas for the weighted-
plus revised edge-Szeged index and the square vertex-PI index for this family of molecular
graphs.
It is easy to calculate |V (Con)| = 6n
2+24n+18 and |E(Con)| = 9n
2+33n+18. The
three main representatives of Θ∗-classes are also shown in Figure 6. These Θ∗-classes will
be denoted as E1r, r ∈ {1, . . . , n}, E2, and E3. Since E2 is a Θ
∗-class but not a Θ-class,
we can see that relation Θ is not transitive and therefore, Con is not a partial cube, which
makes our example more complex.
The corresponding quotient graphs G1r = Con/E1r, G2 = Con/E2, and G3 = Con/E3
are depicted in Figure 7. The same notation will be used for the strength-weighted
quotient graphs. Again, we suppose that graph Con is normally strength weighted with
we = w
+
e . Therefore, as in the previous subsections, we use the weight se instead of we
when considering the square vertex-PI index.
Firstly, we calculate the indices for the quotient graph G1r, r ∈ {1, . . . , n}. The
weights of G1r are:
w1v(u) = 3n
2 − 4nr + 8n+ r2 − 6r + 5,
w1v(v) = 3n
2 + 4nr − r2 + 16n+ 6r + 13,
s1v(u) =
1
2
(
9n2 − 12nr + 3r2 + 19n− 15r + 8
)
,
s1v(v) =
1
2
(
9n2 + 12nr − 3r2 + 43n+ 17r + 22
)
,
w1e(e) = 12n− 6r + 16,
s1e(e) = 2n− r + 3.
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Figure 6. Coronoid system Co3 together with the representatives of Θ
∗-classes.
Figure 7. Quotient graphs G1r, G2, and G3 for coronoid system Con.
Therefore, the corresponding indices of G1r can be computed:
w+Sz∗e(G1r) = w
1
e(e)
(
s1v(u) +
s1e(e)
2
)(
s1v(v) +
s1e(e)
2
)
=
1
2
(
486n5 − 243n4r − 864n3r2 + 864n2r3 − 270nr4
+ 27r5 + 4212n4 − 3510n3r − 2160n2r2 + 2088nr3 − 360r4
+ 12366n3 − 9423n2r − 2124nr2 + 1410r3 + 16272n2 − 8820nr
+ 9810n− 1040r2 − 2617r + 2200
)
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and
PIsv(G1r) = s
1
e(e)
((
w1v(u)
)2
+
(
w1v(v)
)2)
=
(
36n5 − 18n4r + 64n3r2 − 64n2r3 + 20nr4 − 2r5 + 342n4 − 16n3r
+ 192n2r2 − 176nr3 + 30r4 + 1288n3 + 84n2r + 192nr2 − 128r3
+ 2276n2 + 176nr + 72r2 + 1876n+ 94r + 582
)
.
Next, we calculate the weights for strength-weighted quotient graph G2:
w2v(u1) = w
2
v(v1) = n
2,
s2v(u1) = s
2
v(v1) =
1
2
(
3n2 − 3n
)
,
w2v(u2) = w
2
v(v2) = 1,
s2v(u2) = s
2
v(v2) = 0,
w2v(u3) = w
2
v(v3) = 2n
2 + 12n+ 8,
s2v(u3) = s
2
v(v3) = 3n
2 + 16n+ 7,
w2e(e1) = w
2
e(e2) = w
2
e(e3) = w
2
e(e4) = 6n− 1,
s2e(e1) = s
2
e(e2) = s
2
e(e3) = s
2
e(e4) = n,
w2e(e5) = w
2
e(e6) = w
2
e(e7) = w
2
e(e8) = 5,
s2e(e5) = s
2
e(e6) = s
2
e(e7) = s
2
e(e8) = 1.
Hence, the corresponding indices of G2 are:
w+Sz∗e(G2) = 4(6n− 1)
(
3n2 + 16n+ 7 +
1
2
(3n2 − 3n) + n+ 2 +
2n+ 2
2
)
·
(
1
2
(3n2 − 3n) + 3n2 + 16n+ 7 + n+
2n + 2
2
)
+ 4 · 5 ·
(
3n2 + 16n+ 7 + 3n2 − 3n+ 2n+ 1 +
2n+ 2
2
)
·
(
3n2 + 16n+ 7 + 1 +
2n+ 2
2
)
= 486n5 + 3843n4 + 10884n3 + 12775n2 + 6672n+ 1300
and
PIsv(G2) = 4n
((
2n2 + 12n+ 8 + n2 + 2
)2
+
(
n2 + 2n2 + 12n+ 8
)2)
+ 4
((
2n2 + 12n+ 8 + 2n2 + 1
)2
+
(
1 + 2n2 + 12n+ 8
)2)
= 72n5 + 656n4 + 2160n3 + 3312n2 + 2384n+ 648.
Furthermore, we consider quotient graph G3. The weights for this strength-weighted
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graph are:
w3v(u) = w
3
v(v) = 3n
2 + 12n+ 9,
s3v(u) = s
3
v(v) =
1
2
(
9n2 + 31n+ 16
)
,
w3e(e) = 12n+ 8,
s3e(e) = 2n+ 2.
Therefore, we obtain the corresponding indices for G3:
w+Sz∗e(G3) = w
3
e(e)
(
s3v(u) +
s3e(e)
2
)(
s3v(v) +
s3e(e)
2
)
= 243n5 + 1944n4 + 5427n3 + 6390n2 + 3348n+ 648,
P Isv(G3) = s
3
e(e)
((
w3v(u)
)2
+
(
w3v(v)
)2)
= 36n5 + 324n4 + 1080n3 + 1656n2 + 1188n+ 324.
Finally, by using the main result, Theorem 4.5, we deduce
w+Sz∗e(Con) = 6 ·
n∑
r=1
w+Sz∗e(G1r) + 3 · w
+Sz∗e(G2) + 3 · w
+Sz∗e(G3)
=
1
4
(
2916n6 + 32076n5 + 133299n4 + 273598n3
+ 272901n2 + 129002n+ 23376
)
and
PIsv(Con) = 6 ·
n∑
r=1
PIsv(G1r) + 3 · PI
s
v(G2) + 3 · PI
s
v(G3)
= 216n6 + 2484n5 + 11205n4 + 24480n3
+ 27183n2 + 14556n+ 2916.
6 Conclusion
In the paper we developed a cut method for computing Szeged-like topological indices,
which are some of the most investigated distance-based molecular descriptors. This
method reduces the problem of calculating a topological index of a strength-weighted
graph to the problem of computing the topological index of corresponding strength-
weighted quotient graphs. As an example, we determined two Szeged-like topological
indices for some benzenoid systems, phenylenes, and coronoid systems, which are impor-
tant and well-known classes of molecular graphs. In the case of benzenoid systems and
phenylenes our method enables us to find the value of the topological index by using
strength-weighted quotient trees, which leads to efficient algorithms. Regarding the fu-
ture work, our main result can be applied to calculate Szeged-like topological indices of
various molecular nanostructures and to deduce closed-form formulas for infinite families
of such graphs.
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